We consider neutrino mixing and oscillations in presence of an arbitrary constant magnetic field with nonzero transversal B ⊥ and longitudinal B components with respect to the direction of neutrino propagation. The electromagnetic interaction of neutrinos is determined by diagonal and transition neutrino magnetic moments that are introduced for the neutrino mass states. Explicit expressions for the effective neutrino diagonal and transition magnetic moments for the flavor basis in terms of these values for the mass states are obtained. The effective evolution Hamiltonian for the flavor neutrino and the corresponding oscillation probability are derived. The role of the longitudinal magnetic field component is examined. In particular, it is shown that: 1) B coupled to the corresponding magnetic moments shifts the neutrino energy, and 2) in case of nonvanishing neutrino transition magnetic moments B produces an additional mixing between neutrino states, both in the mass and flavor neutrino bases.
Introduction
The Nobel Prize in physics awarded in 2015 to Takaaki Kajita and Arthur McDonald for studies of the atmospheric and solar neutrinos [1] does not leave any doubt that neutrinos oscillate and have nonzero masses. The latter fact leads to the well-known possibility for neutrino to have nontrivial electromagnetic properties [2] , which brought forth the research area that was investigated in details by numerous authors (see recent review [3] and references therein). In the course of these studies many phenomena that may appear in electromagnetic fields have been recognized and described thoroughly. Among them the neutrino spin-flavor oscillations is the one, featuring both the above mentioned basic neutrino aspects -nonzero mass and electromagnetic properties from the one side and mixing from another [4, 5] . Owing to this, in spite of being a longstanding problem, the spin-flavor oscillations can reveal some new aspects of existence of neutrino mass and electromagnetic properties. These concern the problems of neutrino parameters relation in neutrino physical (mass) and flavor bases and, generally speaking, of an accurate derivation of the formulas used to describe oscillations.
We below give an advanced view on the standard scheme of neutrino spin-flavor oscillations description aiming at the solid determination of parameters involved in the formalism and its rigorous derivations. We consider neutrino mixing and oscillations in presence of an arbitrary constant magnetic field with nonzero transversal B ⊥ and longitudinal B components with respect to the direction of neutrino propagation. The electromagnetic interaction of neutrinos is determined by neutrino diagonal and transition magnetic moments that are introduced for the neutrino mass states. Explicit expressions for the effective neutrino diagonal and transition magnetic moments for the flavor bases in terms of these values for the mass states are obtained. The effective evolution Hamiltonian for the flavor neutrino and the corresponding oscillation probability are derived. The role the longitudinal magnetic field component is examined. In particular, it is shown that: 1) B coupled to the corresponding magnetic moments shifts the neutrino energy, and 2) in case of nonvanishing neutrino transition magnetic moments B produces an additional mixing between neutrino states, both in the mass and flovour neutrino bases.
Neutrino spin oscillations in mass basis
Consider two Dirac neutrino physical states, ν 1 and ν 2 , with masses m 1 and m 2 . Also consider the neutrino electromagnetic interaction via magnetic moment matrix µ αβ (α, β = 1, 2):
where F µν is the electromagnetic field tensor, σ µν = i/2(γ µ γ ν − γ ν γ µ ) and γ µ being the Dirac matrices. In a uniform magnetic field the Hamiltonian (1) becomes
where
σ i are the Pauli matrices. For considering the neutrino evolution in the ultrarelativistic limit we introduce the 4-component basis (ν 1,s=1 , ν 1,s=−1 , ν 2,s=1 , ν 2,s=−1 ) of states with definite helicity s = ±1. With the standard column vector notation, ν m ≡ (ν 1,s=1 , ν 1,s=−1 , ν 2,s=1 , ν 2,s=−1 ) T the neutrino evolution equation relevant to electromagnetic interaction has the Schrödinger-like form,
The effective Hamiltonian consists of the vacuum and interaction parts
where the interaction part H B is composed of matrix elements of the interaction Hamiltonian (2) taken over the helicity neutrino states:
Let us calculate the effective interaction Hamiltonian under the assumption that neutrino moves along the z-axis. From the magnetic field interaction Hamiltonian (2) we have:
For the spinors representing the free neutrino states we take
where p α is the neutrino ν α momentum. The two-component spinors u s define neutrino helicity states, and are given by
Recall that in the ultrarelativistic limit these two states correspond to the right-handed ν R and left-handed ν L chiral neutrinos, respectively. Substituting (7) into the effective Hamiltonian given by (6), we get
Decomposing the magnetic field vector into longitudinal and transversal with respect to neutrino motion components B = B || + B ⊥ it is possible to show that
In the the ultrarelativistic limit mα Eα ≪ 1 one gets:
where the quantity γ αα ′ , fetched out also in [6] , we call the transition gamma-factor. Similarly, it is also possible to show that
Introducing an angle β between the B and p α vectors and assuming that B ⊥ is aligned along the x-axis, we further obtain that
and, similarly,
As it was expected, in neutrino transitions without change of helicity only the B = B cos β component of the magnetic field contributes to the effective potential, whereas in transitions with change of the neutrino helicity the transversal component B ⊥ = B sin β matters. Performing the remaining simple algebra one can readily write out the H B matrix. Thus, we obtain the evolution equation (4) in the following form 
This equation governs all possible oscillations of the four neutrino states with defined masses (m 1 and m 2 ) and helicities (s = 1 and s = −1) in the presence of a magnetic field. The obtained expression (17) for the evolution Hamiltonian explicitly reveals a particular role of the longitudinal magnetic field component B || : 1) the longitudinal magnetic field component B || coupled to the corresponding magnetic moment shifts the neutrino energy, 2) in case of nonvanishing neutrino transition magnetic moment µ 12 , the presence of the longitudinal field B || produces mixing among neutrino species with different masses but with equal helicities.
At the same time, from (17) it is clearly seen that mixings of different helicity neutrino states are due to the corresponding magnetic moment (or transition magnetic moment) interactions with the transversal magnetic field B ⊥ .
Effective neutrino magnetic moments in flavor basis
Once having physics in the mass basis in hands, our next step is to bring it to observational terms. This means that we must elaborate a generalization of the mixing matrix for transitions between neutrino state vectors written in two four-component bases ν m and
This procedure appears to be not quite direct since we should hold the condition that polarization of the fields must be preserved under transformation of the bases elements. That is why, keeping in mind that chiral components are almost the helicity ones, we define
Then, using Eqs. (18) and (19), it is easy to obtain that
Given the transition matrix (20), derivation of the evolution equation in the flavor basis is straightforward:
so that the effective magnetic field interaction HamiltonianH
Here we have introduced the following formal notations intended to manifest an analogy with the standard spin-flavor oscillation formalism (see below):
The Hamiltonian (22) has been derived within much consistent procedure than is usually given in literature. It should be noted that Eqs. (23) could be also obtained as results of general consideration [3] of neutrino mixing and oscillations in an arbitrary constant magnetic field (the final form like that of Eqs. (23) was not established in [3] ). Also, an effective neutrino oscillation Hamiltonian with terms containing quantities (24), however without account for possibility of spin transitions, was obtained in [6] .
Discussion
Let us now confront the obtained effective magnetic field interaction Hamiltonian (22) with the one typically written straight in the neutrino flavor basis (see, for instance, [3] and [5] ):
where γ is the common neutrino gamma-factor. First of all, we can ascertain that the structure of the obtained expression (22) is consistent with the "standard" Hamiltonian (25). At that, the magnitudes (23) account for the neutrino mixings and represent the straightforward expressions for the effective magnetic moments in the flavor basis in terms of magnetic moments introduced in the mass basis. The neutrino effective "magnetic moments" (24) determine neutrino interactions and mixings due to the longitudinal magnetic field B || .
As in the mass basis, the magnetic field component B || shifts the neutrino energy. Also, it contributes to transitions with change of flavor. It is interesting to observe that when the transversal field component is set to zero the Hamiltonian structure becomes 
In this way, neutrino oscillations would be influenced by the longitudinal field B || (see also [6] ) and B || would produce an additional mixing with respect to the usual one described by the vacuum mixing angle θ. The oscillation probability is just strightforward, 
where D is the denominator of the pre-sine factor and the other quantities have usual for the theory of neutrino oscillations meaning. It follows that in case the second term in the denominator is much smaller than the first one then the amplitude of the flavor oscillations ν L e ⇔ ν L µ gets its maximal value. This can be considered as an effect of neutrinos interaction with the longitudinal magnetic field due to neutrino magnetic moments.
